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A X-design is a system of subsets S, , S, ,..., S, from an n-set S, n > 3, where
1 Si AS,  / = X for i f-j, I Si I = kj > h > 0, and not all k, are equal. Ryser
[9]  and Woodall [lo] have shown that each element of S occurs either rl or r2
times (rr # r2)  among the sets Sr ,..., S, and rl + r2 = n + 1. Here we: (i)
mention most of what is currently known about X-designs; (ii) provide simpler
proofs of some known results; (iii) present several new general theorems; and
(iv) apply our theorems and techniques to the calculation of all A-designs for
X < 5. In fact, this calculation has been done for all X < 9 and is available from
the author.
1. INTRoDIJCTI~N
In matrix form a h-design is an n by n (0, 1)-matrix A = [aii], n > 3,
where ATA  = diag[k,  - A,..., k,  - h] + W, J is the n by n matrix of l’s,
ki  > X > 0, and not all kj  are equal. In set-theoretic language a h-design
is a system of subsets S, , S, ,..., S, from an n-set S, n > 3, where
) SC n Sj ) = h for i # j, ) Sj / = kj  > X > 0, and not all ki  are equal.
Up to relabeling the h-designs for h = 1, determined by de Bruijn and
Erdiis [3],  are: (2, 3 ,..., n}, {I, 2}, { 1, 3) ,...,  { 1, n}. A remarkable fact,
established independently by Ryser [9]  and Woodall [lo],  is that a X-design
A has exactly two distinct row sums rl  , r2  , where rl + r2  = n + 1. They
both have established more about h-designs, an important part of which is
embodied in Theorem 1 below. In addition to presenting new results on
X-designs we shall mention most of what is presently known about
h-designs, including the work of Bridges and Kramer [2],  and Bridges [l].
The reader is warned of the possible confusion between the term
“X-design” and the term “t-design” (see Hughes [5]).  Woodall [lo]
employs the term “square X-linked designs” which include X-designs as
a special case. For brevity we shall continue to use the term “X-design,”
and the expression “3-design” shall mean a “X-design with h = 3.”
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2. RYSER-WOODALL THEOREM. NOTATION. POINT-COMPLEMENTATION
We let kj be the sum of columnj  and ri be the sum of row i in A. We let
R’ = 5: (k, !- A) ’ R =  RI+;, Re  = T (kja:  A) ’
Rim  = 7 (?-“I)  9 17’ = n (kj - X), and II = AL!‘.
i
Ryser [9]  and Woodall [lo]  use bordering techniques to prove the
following:
THEOREM 1. A h-design A has exactly two distinct row sums r,
and r2 , where rl + r2 = n + 1. Further, if we assume rl > r, and set
p = (rl - l)/(rz  - l), then
R = (f + ‘I2 R = (P + lb
1
if ri = rl ,
P ’ i (P + 1)
P ’
if ri = r, ,
and
ifi#m, &, = !!i+ .
We shall henceforth assume A is in the form
where A, is e, by n with each row sum in Al equal to r, , and A, is e2 by n
and each row sum in A, is r2 . Further, let kj = kj’  + kg*, where ki is the
sum of column j in A, and kj*  is the sum of column j in A, . Easily
kj’(rl - 1) + k3*(r2  - 1) = h(n - l), (1)
or kj*  = A - p(kj’ - A), and
e,r,(r,  - 1) + e2r2(r2  - 1) = hn(n - 1).
Using (1) and (2) and the fact that r2 < (n + 1)/2 < rl then
0 < kj’  < 2h,
and
0 < e, -=C  4h.
(2)
(3)
(4)
Also
(rl
and from (2)
Also
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1 )  = $rllj) , (r, - 1) = i”, i :i , (5)
e
1
= xp + 1Y - (P  + 4
(p2  - 1) *
(6)
e,(r,  - r2)  = h(n - 1) - rz(rz  - 1). (7)
If d = det MA then d is an integral square, where
A=RI7. (8)
To avoid continual reference to the class of rows that i, m refer to we let
R(1) = Ri , when i < e, ; R(2) = R, , when i > e, ; R( 1, 1) = Rim , when
i, m < e, and i # m; R(l,2)  = Rim  , when i < e, , m > e, ; etc. And by
using the lower bar we define
i, m  ,< e, , i # m; etc.
Using Theorem 1 we then obtain
R(1) = (P  + 11,
Wl,  1) = p,
R(1, 2) = 1,
R(2,2)  = 5 ,
R(2) = @+1) ,
P
(13)
R(1,  I )  = 9 , (14)
where we have calculated R(1, I) by noting that
R(1 , 1) = c (’ - ad(1 - %) = R’  - 2&(l)  + R(1  1)6% - 4 , *j
(9)
(10)
(11)
(12)
Expressions such as R(1,  2) are calculable in a similar way.
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For the purpose of manufacturing h-designs we need to introduce the
concept of “symmetric block design” (SBD) (see Hall [4]  and Ryser [S])
or equivalently “(v, k, X)-design.” A (0,  k, X’)-design in matrix language is
a square (0, 1)-matrix A of size u by v with column sums k, where the inner
product between distinct pairs of columns is h’,  i.e., ATA = (k - h’)l + h’J,
I the v by v identity matrix.
A process called “point-complementation” by Woodall [lo]  is performed
by subtracting a fixed j-th  column, in an m by n (0, l)-matrix A, from all
of the other columns of A and then changing all -1’s to Sl’s.  This
corresponds to complementing the appropriate kj by (n - 1)-submatrix
of A. We shall call this new matrix the “Pj-complement of A.” A similar
procedure is employed by Bridges [I] and Ryser [9].  The following theorem
is easily verified:
THEOREM 2. The Pj-complement  of:
(i) a (4X - 1,2h,  h)-design is again a (4X - 1, 2h, Q-design;
(ii) a (v, k, A’)-design, where k # 2X, is a (k - X)-design  (i.e., a
X-design with X = k - h’);
(iii) a h-design is either a (kj - h)-design or an (n, kj , kj - h)-design.
An immediate consequence of Theorem 2 which follows from the fact
that there are infinitely many (0,  k, A’)-designs with k # 2x’ (see Hall [4]
or Ryser [S])  is that there are an infinite number of h-designs for h # 1.
Bridges [I] has termed h-designs as being “type-l” if they are obtainable
by point complementation on an SBD. We shall here call such a h-design
an “SBD-type” (symmetric block design type) X-design.
3. SOME GENERAL RESULTS AND EQUIVALENCES
Since we can easily do so, we now prove the de Bruijn-ErdBs [3]  result:
THEOREM 3. Let n > 3. Then up to permutations of rows and columns
the matrix A of a h-design for h = 1 is the PI-complement  of the matrix
(J - I).
Proof. From (5) and (6) we obtain r2  = 2 + (p - l)(l - el). But
e, >, 1 and r2  > 2 so e, = 1,  r2 = 2, rl = (n - l), and our result is clear.
One should point out that (J - I) satisfies the properties of an SBD with
parameters (n, n - 1,  n - 2) = (v, k, h’) even though such a design is
termed trivial by most authors (see Hall [4]  and Ryser [S]).  In any case,
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we shall say the h-designs for h = 1 are of the SBD-type. Ryser [9]  has
noted that h = 1 iff rl = (n - l), r2 = 2. Simply note that rl = (n - I),
r2 = 2 forces p = (n - 2) and (1) then forces X = 1. The other direction
follows from Theorem 3. Both Bridges (I] and Woodall [IO] have
established:
THEOREM 4. A h-design has e, = 1 l@h = 1.
An additional result by Bridges [ I]  is:
THEOREM 5. A h-design has e, # 2.
The following important property was established by Woodall [lo]:
THEOREM 6. If A is a h-design with h > 1, then p < h.
Proof. Since h > 1 then e, > 1. Using Theorem 1 we easily calculate
(14) and have
0 < c (1 - dl - a2J _ h - P )
\
zi 6% - A) hP
and our result is clear. (Note that R(1, 1) is meaningless unless e, 2 2).
An important consequence of Theorem 6 is:
THEOREM 7. Zf X > 1,  then there arejinitely many h-designs for afixed h.
Proof. It suffices to show that n is bounded. Since h > 1 then, by
Theorem 5, e, 2 3. From (6),  then
3 < e = h(P + 1)" - (P + 4
A 1
(P2  - 1) '
and after multiplying by (p2 - I), rearranging terms, and using the fact
that p < X we obtain n < (h3 - X2  + 3).
Since h-designs have but two row sums and SBD-type h-designs have
exactly two column sums, one can speculate whether an arbitrary X-design
has exactly two column sums. We present a necessary and sufficient
condition for this to be true.
THEOREM 8. Let A be a X-design. Then A has exactly two column sums
iSfAAT  has itsjrst e, column sums equal to a constant al and its remaining e,
column sums equal to a constant (TV  .
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Proof. If A has two column sums, then
columns we can write
after permutations of the
where B, is e, byf,  B2 is e, by (n -f),  etc., and the first f columns of A
have sum k, and the final (n - f) columns have sum k2  . Let ril be the sum
ofrowiinB,,i<ee,,and ri2 be the sum of row i in B, . By Theorem 1,
or using (9),  then
ril
(k,  - A) + ,‘” A) = (p  + I)*
But ril + ri2 = rl so ril is constant for i < e, . Hence BI has constant
row sums and in similar fashion so do B, , B3 , B4 . Letting si be row sum
in Bi then
C C W&j  =
s&l + s,k,  = (~1, i f  i<e,,
nl j s,k, + s,k,  = 02 , if i > e, ,
and the implication is clear.
Conversely, let u = C kj ; let & be n by 1 matrix with kg2 + Xo  - NC,
in i-th row; let K, be IZ  by n matrix with ki in (i, i) slot with x’s elsewhere;
let K3 be n by 1 matrix with ki in i-th row; let K4 be y1 by 1 matrix of l’s;
and let K5 be n by 1 matrix with (ki’al  + ki*u,)  in i-th row. Then
KI = K2K3 = ATAK3 = ATAATK,  = K, and it follows that
But
k: + AU - hk, = ki’u,  + ki*u, .
k.’  = A(/’ + 1) - ki2
(P- 1)
and ki* _ fkt  ‘(P  + ‘1
(P-11) ’
so we have a non-trivial quadratic in ki , implying that A has two column
sums.
A theorem first noted by Bridges [l] giving a necessary and sufficient
condition for a h-design A to be an SBD-type is as follows:
THEOREM 9. A A-design A is an SBD-type @A  has two column sums,
one of which occurs exactly once.
Proof. If A is an SBD-type our result is easily verified. Conversely,
we can write A in precisely the same form as in the first sentence in the
proof of Theorem 8, where heref = 1. Just as in the proof of Theorem 8
ON X-DESIGNS 63
each Bi has constant row sums. Since no column of A can be entirely l’s
or O’s, then one of BI and B3 is a zero vector and the other is a vector of 1’s.
Easily, k,’ = k, * = X and the P,-complement of A is either an
(n, e, , e, - X)-design or an (n, e2 , e2 - Q-design, hence A is an SBD-type
h-design.
In a X-design A the uniform intersection between columns yields infor-
mation about the rows. It is natural to examine intersection conditions
between rows which may further characterize a X-design. One can check
in an SBD-type X-design that the intersection between two rows depends
only on the class (or row sums) of the two rows. Both Woodall [lo]  and
myself (see [6])  independently proved that such a condition on a X-design
forces it to be an SBD-type.
THEOREM 10. A h-design A is SBD-type @T the intersection between
distinct rows of A depends only on their respective classes.
Proof. If A is SBD-type the implication is easily verified. For the
converse, an application of Theorem 8 forces A to have two column sums
and we express
where BI is e, by f, B, is e, by (n - f),  etc., with the first f column sums
of A being k, and the final (n - f) column sums being kz . If either f or
(n -f)  is 1 we are done by Theorem 9. Suppose kI’  # e, and that a,, = 0.
We count in two ways the intersections of column one with the r1 columns
having a 1 in row one to get r,h = kl’Xll  + k,*h,, . Suppose k,’ # 0
and that azl = 1. Counting in the same way we get k, + h(r, - 1) =
rl + (kl’ - 1) All + kl*h2 . We can do this for any column so that
ki’  = 0, e, , or ki - X = r, - h,,  . Similarly, ki*  = 0, e2 , or ki - X =
r2 - X2, . But k, f k, so one of k; and k,’ is 0 or e, . Similarly, one of k,*
and k,*  is 0 or e2 . After relabeling assume k,’ = 0 or e, . First let k,’ = 0.
Clearly k,* # 0. If k,* = e2 then k,*  = k, = h (since f > 2),  a contra-
diction. So k,* = 0 or e2 . Clearly k,* # 0 else two columns have zero
intersection. So k2* = e2 . But again (n - f) 3 2 so k,* = kI d h, a
contradiction. So we let k,’ = e, . Easily k,* is neither 0 or e2 . So k,* is 0
or e2 . If k,* = 0 then e, = h = k,’ = k, , contradiction. So k2* = e2 .
But then e2 < X and since k2’  < X then k,* < h by (1) forcing k, = n,
a contradiction. Our proof is complete.
We shall later need the following:
582a/r6/1-5
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LEMMA 11. If A is a h-design where e1e2  = h(n - 1) and p2 3 h, then
some column of A has sum 2h.
Proof. Usage of R(1, 2) = 1 yields
NOW p2 3 h, p < h force
h
PC
h(p + l>” - f = R’.
AP
But then
and, because kj’ is integral, at least one kj’ = X, or kj = 2h.
We shall make repeated use of the following equivalence:
THEOREM 12. A X-design A is SBD-type ifs kj’ # h implies kj’kj*  = 0,
j==l  n.>‘..,
Proof. If A is SBD-type our implication is clear. For the converse A
can have only the following three cases for a columnj:
(0 kj’ = Xp + 1)/p;
(ii) kj’ = kj* = h; or
( i i i )  kj’ = 0, kj* = h(p + 1).
But clearly (i) and (iii) cannot occur simultaneously. Writing A as in the
proof of Theorem 8, with the final (n -f) columns of type (ii), one can
quickly establish that, iff #  1, then either B, or B4  must have some zero
row sums, a contradiction, And certainly if f = 1 we are done by
Theorem 9.
4. THE PARAMETER p
This section deals mainly with the parameter p. It should first be noted
that each of rl , r2 , e, , e2  are expressible in terms of the three parameters h,
n,  and p. We know p < h if h # 1 and we shall further show that
p 2 X/(h  - I), if h  #  1. Although p takes on finitely many values for a
fixed h  #  1, we shall establish the existence of infinitely many p where
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each such p occurs in infinitely many h-designs. Finally, we determine the
type of a h-design A when p assumes certain minimal, maximal, and inter-
mediate values.
THEOREM 13. If A is a h-design with h # 1, then h/(h  - 1) < p < h.
Proof. By Theorem 6 we have p < X.  From (3) we set kj’ = X + /3,
where -h < p < (X - 1). Then kj* = h - /3p so /3p E 2 for some /3
between -X and (X - 1). Since a h-design has two column sums we can
say that 01p  E Z for some 1 < a < h. Let p = p/q, (p, q) = 1. Then q
divides 01 so 1 < q < h. If q < (h - 1) and since p > 1 then p > X and
p > X/(x  - 1). So let q = X.  Then 01 = h so p = -h and A has column,
with sum k, , such that k,’ = h + /3  = 0. Assume
If p > (h + 2) then (h + 2)(X - 1) < h2  forces h < 2, contradiction.
Sop = h + 1. Easily k, *=h+hp=2h+l.Butj3p~ZsoAcanonly
have kj’ = 0 or X.  So A has two column sums and we write A as in proof
of Theorem 8. Iff = 1 or k,* = e, then A is an SBD-type and taking the
P,-complement  we obtain an (n,  2X + 1, h + I)-design.  But in a (u,  k, h’)-
design X’(v - 1) = k(k - 1) so (h + l)(n  - 1) = (2X + 1) 2h and we
force X + 1 to divide 2, i.e., h = 1, a contradiction. If neither f = 1 nor
k,*  = e2 and in order for the columns of A to have constant intersection of
X with the first column, then the submatrix B4  has a (2X + 1) by (n -f)
submatrix with column sums of h. But this forces an (e, - k,*) by (n - f)
submatrix of B4  of O’s only, and B4  does not have constant row sums
(a contradiction from proof of Theorem 8). Our proof is complete.
THEOREM 14. There are infinitely many p where each p occurs in infinitely
many X-designs.
Proof. The Singer difference sets (see Hall [4,  p. 1411)  yield SBD’s with
m+1  - 1
v = 4 k= q”-- h’=
qm-l-  1
q - l  ’ q - l  ’ q-1 ’
where q is a prime power. We can obtain an SBD-type h-design by
complementing each such SBD followed by a P,-complementation. The
parameters of the resulting X-design will be n = u, r, = v - k, e, = k,
X = k - h’,  and p = (q - 1). So for a fixed value of q we can vary m and
obtain infinitely many h-designs having p = (q - 1). Clearly we can do
this for infinitely many such q.
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Our next results characterize the X-design A when p is at nor near its
upper bound. In fact, when p = h or (A - 1) then A is equivalent to a
projective plane of order X (see Hall [4]).
THEOREM 15. Let A be a h-design. If p = X then A is an SBD-type
where n = h2 + X + 1,  rl = h2 + 1, e, = h + 1.
Proof. Now p = h implies that R(L, 1) = 0 which easily implies that
A, has at most one zero in any column. Hence A, has only the column
sums k,’ = e,  , k,’ = (e, - 1). By (5) (rl - 1) = X(n  - I)/@  + 1) so we
set n = LY(X + I) + 1, r1 = CUX  + 1,  and
e, = (A + 2) - $&-+.
SO 01 = P(h - 1) + 1 and easily (k, - h) = a. Let m > e, so
R(I 2j = c (1 - ali>  ami (A + 1)1 i (kj - h) = ___  -h
From the structure of A, and if there are x I’s in row m occurring below
the O’s in row one then
X 1
e-,=x’
or ol=Xx.  So xh=fl(A--l)+l and /3=Xy+l. But e,33 and
h > 1 so p < (A - 1). Thus y = 0, p = 1, x = 1, 01 = A,  rI  = h2 + 1,
n = X2  + h + 1,  e, = X + 1, and k,’ = X + 1, k,* = 0. Clearly A is an
SBD-type.
THEOREM 16. Let A be a X-design. If p = h - 1 then A is an SBD-type
where n = h2 + h + 1, rl = h2,  e, = X + 1.
Proof. Using (5) we set rl = t(h - 1) + 1, r2 = t + 1, n = th  + 1
and find
e
1
= h + 2h - (t + 1)
(A - 2) .
Now R(L, 1) = I/h@  - 1) and kj - h = kj’(2  - h) + X(h - 1) < X(X - 1)
so there must be some column, say the first, with k,’ = 0 k,* = X2.  Inter-
preting R&l) this means all other columns have kj’ L e, or (e, - 1).
Ifki’=e,-lthenkj-A==--l.Ife,=k,* =A2thenweareeasily
done. So assume e, > k,*.  Now R(I,  2) = l/(h - 1) and only column
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one and those with kj’ = (e, - 1) have O’s in A, , We obtain two equations
using R(I, 2). The first we get by choosing a row in Az with a 1 in the first
column, and the second by choosing a row in A, with a 0 in the first column.
We obtain
1
X(X  + 1) + & = &
B - 1
and F-0 - -*(A - 1)
So LXX  = (t - l), fl(h - 1) = (t - l), and easily 01 = (h - I), /3  = h,
(t - 1) = h(X - 1). But using this in the equation for e, forces e, = 1,
a contradiction. Our proof is complete.
THEOREM 17. If A is a X-design then it is impossible to have
(A - 1) < p < h.
Proof. With i # m, i, m < e, and since p # X then
o + c (1 - a&l - 44 _ h - P < 1_
f 6% - A) XP  AP’
but this is not possible since ki - h = ki(l - p) + hp < hp.
THEOREM 18. LetAbeah-design.  Thenp =h--21@h  =4,n = 16,
r, = 11, e, = 6, where A is SBD-type.
Proof. We set
rl = t(A - 2) + 1, r2 L=  t + 1, e, = X + 2h - (t + 1)(A - 3) -
Now R(I, 1) = 2/A@  - 2) and ki - h < h(h - 2) so after relabeling
we consider two cases:
(i) k, - h = h(h - 2)/2;
(ii) k, - X = k, - h = X@  - 2).
Assuming (i), then kl’ = X(X - 2)/2(X - 3) and easily h = 4 or 6. If
h = 4 then k,’ = 4 = k,*  and easily e, 3 6, e2 3 4 forcing t = 4 or 5.
Now t = 4 gives e, = 7, r, = 9, n = 13, and e,r,  = 63 > 52 = hn. But
kj’ = 5 implies k, - A = 3 and R&I) = & < 9 easily forces k,’ # 5.
But then we need more than two columns with kj’ = 6, a contradiction
sincee,=7,X=4.1ft=5,e,=6,r,=11,n=16thene,r1=66>
)ul = 64. If some kj’ = 6, we have our SBD-type h-design. Otherwise we
need, say, k,’ = k,’ = 5, and applying R(2,2)  appropriately we get a
contradiction since R(2, 2) = 4 < 4 + 3.  If X = 6, p = 4, k,’ = 4,
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k,* = 14 then easily e, 3 6, e2 3 14 and we must have t = 5, 8, or 11.
Now e, 3 6 and using R(1, I) easily kj’ # 1, 2, or 3 and kj’ # 0 else
ki - h = 24 and we are in case (ii). Also R(2,2)  = & and kj - X = 3 if
kj’ = 7, SO kj’ # 7. Hence kj’ = 4, 5, 6. If t = 5, then elrl  = 168 >
hn = 156, a contradiction of kj’ < 6. If t = 8, e, = 7, r1 = 33 and after
using R(1,  I),  easily ki # 5. But elrl  is odd, a contradiction. If t = 11,
e, = 6, rl = 45, it = 56 then e2 = 50 and can have at most 8 columns
with kj’ = 6. Since e,r, = 270 we need at least 30 columns with kj’ = 5,
kj* = 10. In any case, using 4 of these columns we can obtain $ as a
contribution to R(2,2)  = a,  contradiction.
Assuming case (ii) then k,’ = k,’ = 0 and all other columns of A,
have at most one zero entry. But R(1, 1) = 1 so we can assume
k,’ = (e, - 1). Then k, - X = t - 2. Choosing a row in A, with l’s in
first two columns and using R(I, 2) = I/p we obtain
2 1
X(X - 2) +&= h - 2 ’
or olX  = t - 2. But we can choose row in A, with exactly one 1 in first
two columns to obtain
1
X(h  - 2) + (t - 2)L=h12’
so /3h(h  - 2) = (t - 2)(X - 1). Combining our two equations we obtain
(y. = (X - 2),  /3  = (h - 1) so (t - 2) = X(h - 2) and this forces e, = 1,
a contradiction.
THEOREM 19. If A is a X-design with p = X/2 and e, > X + 2, then A
is SBD-type where
n = (AZ  + 3x + 4)
2
r _ w + A + 2)
’ l 2 ’
ande,=h+2.
Proof. We set rl = @h/2) + 1, r2 = t + 1, 12  = (t(h + 2)/2)  + 1, so
e 1 = h + 4x - at + 1)(A - 2) *
Clearly h > 2. If e, > (h + 4) then easily elrl  > (h + 1)~ So there
exists, say, k,’ > (h + 2). But kj’ < (h + 2) so k,’ = X + 2 and
kl - X = 2. But e, - kl’ > 2, R&I)  = l/X < 4, a contradiction. If
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e, = X + 3 then t = (p + 2) and (elrl - hn) > 4. But we cannot have
two columns with kj’ = h + 2. Let k,’ = h + 1 so k, - X = (X/2) + 1.
Again applying R(1,  I) = l/h < 2/(X + 2) = l/(k,  - X), we have a con-
tradiction. So e, = X + 2, t = h + 1. If there is some kj’ = h + 2 we
are easily done. So assume kj’ < h + 1. Now elrl = hn + 2 so we
assume kzf  = X + 1, k, * = h/2, and k, - h = @ + 1). Using column
two and R&2) = I/p we obtain the equation
1-+x=;,
(P + 0
yielding
1
x =
P(P + 1) *
We need a column with kj - h > p(p + I). Now k,*  = h/2 so kj’ 3
h/2 = p implying ki - A > p(p + 1). So let
k,’ = ; , k,*  = (; + 2) 2.
But elrl = hn + 2 so we need ((X/2) + 2)) columns with kj’ = X + 1 and,
from the structure of column one, exactly that many. Easily the remaining
columns have kj’ = X and using the two zero’s in column one and
applying R(1,  1) = p we obtain the equation
So x = 2p3/(p + 1) E 2,  a contradiction since p = X/2 > 1.
THEOREM 20. If A is a X-design with p = (X - 1)/2  and e, > (h + 2)
then A is SBD-type where
n = x2  + 3x + 4 r _ o2 + 42 ’ l 2 ’
ande,  = h +2.
Proof. Clearly X > 3. We set rl = tp + 1, r2 = t + 1, etc.
If e, 3 h + 4 then elrl  > (X + 1)n.  Since kj’ < (X + 2) we can
assumek,‘=;\+2,wherek,*=l,k,--=3.Now
(A + 1) 1 .
RCA,  1) = x(x _ 1> -=c 3 If h 2 5,
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a contradiction. If h = 4,
forcing some kj - h > 12, an impossibility since kj < 10 if h = 4,
p=+.Ife,=h+3thent=p+4and(e,r1---)>4.Butwecannot
have two columns with kj’ = h + 2, so let kl’ = X + 1, k,* = (X + 1)/2,
kl - h = (h + 3)/2. But 2/(X  + 3) > R(I,  1) if h b 7, so h < 6. But k,*
is an integer so h is odd and h = 5. Then
A+1 2 1
X(X  - 1) - (x = 20 ’
forcing some kj > 25, a contradiction for h = 5, p = 2. So e, = h + 2,
t = A + 2 and easily e1e2 = X(n - 1). Now X 3 4 so p2 3 h and by
Lemma 11 there exists say k,’ = h = k,*.  Using R(I, I) on column two
we obtain the equation
1 @ + 1)
x + x = X(h - 1)
so x = 2/X@  - 1). We then need some column, say the first, with
kl - h 3 hp and this quickly forces kl’ = 0, k,*  = h(p + 1) = e2 and
our design is an SBD-type.
We examine next the structure of a A-design when p is near its lower
bound. Now an SBD is called a Hadamard design if it has the parameters
(4t - 1, 2t - 1, t - 1). The X-design obtained from a Hadamard design
via point-complementation will be called an H-design and has parameters
h = t, n = 4t - 1, r1 = 2t - 1, e, = 2t - 1, and p = t/(t - 1) =
h/(h  - 1). Bridges [l] has shown a h-design A is an H-design iff
p = h/(h - 1). 0ur next two theorems generalize this result:
T H E O R E M  21. Let A be a h-design, h > 1. Ifp = h/t < 2, (h, t) = 1,
then p = h/(X - 1) and A is an H-design.
Proof. Now ki* = h - p(kj’ - X), 0 < kj’ < 2X - 1 and h < 2t SO
kj’ = X - 2t, h - t, h, or X + t. Also kj* = 0 if ki = X + t and
applying R(2,2)  = l/p we obtain
3h r 2t + &+i=;<l.
But (h,  t) = (2h - t, h) = (3h - 2t, 2h - t) = 1, so easily x = y = 0.
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Since kj*  > 2 if kj’  = h - 2t or h - t then we have only kj’  = h or
X + t. By Theorem 12, A is SBD-type. Using R(l, 1) = p we have
so xt = h(h - 1) and t ] (h - 1). Letting (h - 1) = at we contradict
p < 2 if CII  # 1. So t = h - 1 and our theorem follows:
THEOREM 22. Let A be a X-design. Ifp  = (A - 1)/t  < 2, (A - 1, t) = 1
then A is SBD-type where
p 2(X - 1) 9x - 4 3h= x ’ n=-,2 r1 = 3h - 2 , e,=-.2
Proof. We may assume X > 3, t > 1. Now 0 < kj*  = A - p(kj’  - A),
0 < kj’  < (2X - 1) and (X - 1) < 2t so kj’  = X - 2t,  X - t, A,  A + t.
If, say, k,’ = /\ + t, k,* = 1 then kj’  > (h - 1) forcing ki’ = h or X + t.
Using R(2,2) = l/p (and since kj*  = 1 if kj’  = X + t) then x/h =
t/(x  - 1) < 1, a contradiction. Hence kj’  < A.  Since rl  > (n + 1)/2,
k,’ < X,  then e, < 2h. Setting rI = ol(h - 1) + 1, r2  = at + 1, then
e
1
= x + tPX  - (at + 01
(A - 1 - t)
and(t,h-I-t)=lforcese,=X-t,X,orh+t.Ife,=X-tthen
kj’ = h - 2t,  X - t. Using R(l,  1) = (h - p)/hp  we easily obtain
xA(X  - 1) = [At  - (A - 1)][3h - 2(t + l)],  which forces h 1 2(t + 1). But
1 < p < 2 implies (t + 1) < A < (2t + 1) and a contradiction follows.
If e, = A, then 2h - 1 = at, so a odd. From 1 < p < 2 easily 01 = 3,
which then forces h - 2t < 0; hence kj’  = h - t, h. Using R(L, 1) we
obtain xA(h - 1) = [th - (h - 1)][2h - (t + I)] = [tA - (X - l)] 2t so
2t = /IX@  - 1). But p > 1 forces ph < 2, contradiction. If e, = X + t,
then X = (a - 1)t.  Easily 1 < p < 2 forces 01 = 3, t = A/2.  If some
column has kj’  = 0 then our theorem follows. Assuming kj’ 3 A/2 and
applying R(2,  2) = 1/p we obtain
(3;: 2) + ; = 2(X 1 1) < 1.
Clearing fractions we force (h - 1) j X2(3X - 2) forcing A = 2, a contra-
diction and our proof is complete.
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5. X-DESIGNS FOR FIXED h
Our next four theorems determine h-designs for specific values of X.
Some of these results have been previously established, but our preceding
theorems allow considerable simplification of the proofs. Recall that
Theorem 3 characterizes all h-designs for X = 1. The following result was
first noted by Ryser [9]:
THEOREM 23. There is a unique A-design A for h = 2 and A is SBD-type.
Proof. By Theorem 13, 2 < p < 2 so p = 2 = h and then, by
Theorem 15, A is an SBD-type obtainable from a (7, 3, 1)-design. It is
easy to show that A is unique (up to row and column permutations).
The following result appears in Bridges and Kramer [2],  but the proof
below is much simpler.
THEOREM 24. The h-designs for X = 3 are SBD-type.
Proof. If p = $,2, or 3 then by Theorems 21, 16, and 15 the 3-designs
are obtainable via point-complementation from (11, 5,2)-,  (13, 9, 6)-, and
(13,4,  I)-designs, respectively. By Theorem 17 we cannot have 2 < p < 3.
Using (1) and (3) only p = Q remains. But by (1) then kj’ = 0 or 3 so by
Theorem 12 our design would be SBD-type, which is impossible for p = 5,
since on SBD-type h-design has p = (h - 1)/t or h/t  for some integer t.
The following theorem was first proved by Bridges [l]:
THEOREM 25. All X-designs for X = 4 are SBD-type.
Proof. If some kj = 7, we use Theorem 2 and the fact that all X-designs
for X = 3 are SBD-type, then kj’ = 7, kj* = 0, p = Q and our design
comes from a (15, 7, 3)-design. If kj = 6 and using Theorem 2 and
Theorem 23 then kj’ = 6, kj* = 0, p = 2 and our design comes from a
(16, 6,2)-design.  Similarly, if kj = 5 then kj’ = 5, kj* = 0, p = 4 and
our design comes from a (21, 5, I)-design.  So we can assume kj > 8, i.e.,
kj’ < 4.
Assume p = LX/~,  (01,4)  = 1. By (l), kj’ = 0 or 4 so by Theorem 12 any
h-design would be SBD-type, a contradiction since an SBD-type X-design
has p = (X - 1)/t  or h/t  for some t. Suppose p = 0113,  (01,  3) = 1. We set
rI  = olt  + 1, r2 = 3t + 1, n = (a + 3)t + 1, so
e, = 4 + ‘7 I $’ .a!
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By (l), kj’ = 1 or 4 so e, 3 4 and t < 2. If t = 1 then 01 = 7 forcing
e2 = 4, a contradiction. If t = 2 then 01 = 4, n = 15, rl = 9, e, = 7 and
e,r, = 63 > 4n = 60, contradiction of ki’ < 4. Now assume p = CL/~,
01 odd. Since we cannot have 3 < p < 4, then (Y = 3, 5. With p = 3 then
rl = 3t + 1,n = 5t + l,ande, = 18 -4t.Bute,  # 2andeasilyt = 3.
Using fact that R’ = 45 and e,r, = 60 easily some kj’ = 0, kj* = 10 and
our SBD-type design comes from a (16, 10, 6)-design. If p = $ then
rl = 5t + 1, n = 7t + 1, e, = (26 - 4t)/3.  But e, f 2 so t = 2, n = 15,
rl = 11, e, = 6 and elrl  = 66 > 4n, a contradiction of k,’ < 4. Hence
we assume p is an integer. But from our initial discussion we already have
the h-designs for p = 4 or 2, and by Theorem 16 when p = 3 our design
comes from a (21, 16, 12)-design.  Our proof is complete.
THEOREM 26. All X-designs with h = 5 are SBD-type.
Proof. Using Theorems 2 and 25, if some kj = 9 then our 5-design
has k,’ = 9, k,* = 0 , p = 2 and comes from a (19, 9,4)-design.  Similarly,
if kj = 8 it must come from an (n, 8, 3)-design which is arithmetically
impossible. If some kj = 7 our design would arise from a (22, 7, 2)-design,
which is known not to exist (see Hall [4]  or Ryser [8]).  If kj = 6 then, by
Theorems 2 and 3, kj’ = 6, k,* = 0, p = 5 and our design is a Pj-
complement of a (31, 6, I)-design.
Hence we can assume kj’ < 5. Also we shall let f; be the number of
columns in A with kj’ = i, i = 0, 1, 2, 3, 4, 5.
By the very same reasoning in Theorem 25 which established the
impossibility of p = 01/4,  (ac,  4) = 1, we here cannot have p = a/5,
(a, 5) = 1,  assume p = a/4, (01,4) = 1. Let rl = olt  + 1, r2 = 4t + 1,
n = (a + 4)t + 1, so
e
1
= 5 + 4(9 - 4t)
(a - 4) *
By (l), k,’ = 1 or 5, so e, > 5. Clearly t < 2. If t = 1 or 2 and c11  = 5
then Theorem 21 forces an SBD-type design, an impossibility since
kj’ki* # 0. So t = 1, 01 = 9, forcing e2 = 5 and we cannot have two
distinct column sums. Assuming p = a/3, (01,  3) = 1 then r, = olt  + I,
r2 = 3t + I, n = (a + 3)t + 1, and
Now k,’ = 2 or 5. If t # 3 then e, 3 14 f o r c i n g  <rl n/2. So t = 3,
e, = 5, rl = 3~ + 1,  r2 = 10,  n = 301 + 10 and easilyf, = 30~  - 5. But
7 4 KRAMER
e, = 5, h = 5 so 5fr, < e2 = 3ar + 5, forcing 1201  < 30, a contradiction
of (Y > 3 . We assume p = 01/2, (ol, 2 ) = 1 . Then k,’ = 1, 3, or 5 . If
p = Q then ki - h = 7, 6, or 5 and by (14) we must be able to solve
which is impossible. If p = 8 then kj - h = 11, 8, 5 and using (14) forces
fi = f3 = 0, a contradiction. If p = Q,  ki - X = 15, 10, 5 and using (14)
forces 7 to divide 3. By Theorem 17, 01 # 9.
So we assume p an integer. With p = 5 we need some ki > 5. If p = 4
and by Theorem 16 our SBD-type design comes from a (31,25,20)-design.
By Theorem 18, p # 3. So let p = 2 where kj’ < 5. Then kj - h = 10,9,
8, 7, 6, 5 and by (14) we have the equation
If e, >, 6 then easily 0 = f3 = fi = fi = f4 so by Theorem 12 our design
comes from a (22, 15, lO)-design,  which is known not to exist. If e, = 5
then as before 0 = f3 = fi = fi . Since f0 # 0 and if f4 # 0 we must be
able to solve, by (12),
with x0 # 0 and x, # 0, a contradiction. Hence kj’ = 0 or 5 and
Theorem 12 forces an SBD-type design, which is impossible since e, = A.
If e, = 4 easily fi = fi = 0. Using (12) we force f3 = 0 and f4 = 0,
contradiction. Letting e, = 3 then fi = 0, and from f. f 0 and (12) we
force fi = f3 = 0, contradiction. Since we cannot have e, < 2 our proof
is complete.
6. CONJECTURE AND PROBLEM
Evidence to-date supports the conjecture that “all h-designs are
SBD-type.” In fact, in [6]  the author has established that all h-designs
for h < 9 are SBD-type. Hence the main problem appears to be either
(i) prove that all h-designs are SBD-type or (ii) construct non-SBD-type
h-designs (and possibly classify them).
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